We obtain accurate eigenvalues for two recently derived SUSY partner Hamiltonians. We improve the Rayleigh-Ritz variational method proposed by the authors and show how to apply the Riccati-Padé method to those particular partner potentials. 
Introduction
In a recent paper Marques et al. [1] derived two new simple supersymmetric partner potentials and showed that the ground-state eigenfunction of one of the Hamiltonian operators can be obtained exactly. In order to calculate the remaining states they resorted to the Rayleigh-Ritz variational method. However, the convergence rate of their approach appears to be insufficient to reveal the relation between the eigenvalues of the partner Hamiltonians clearly.
The authors also estimated the ground-state energy of the quartic anharmonic oscillator by means of perturbation * E-mail: fernande@quimica.unlp.edu.ar theory starting from the known solution for one of the partner Hamiltonian operators.
The purpose of this paper is twofold. First we improve the variational method proposed by Marques et al. [1] and, second, we show that the Riccati-Padé method (RPM) [2] [3] [4] provides highly accurate results for the eigenvalues of those partner Hamiltonian operators. In addition, we show that exactly the same Rayleigh-Ritz variational method applied to the SUSY partner Hamiltonians is also suitable for the calculation of the eigenvalues of the quartic anharmonic oscillator.
In Section 2 we apply the Rayleigh-Ritz variational method and the RPM to the pair of SUSY Hamiltonians proposed by Marques et al. [1] and also to the quartic oscillator. In Section 3 we comment on those approaches and draw conclusions. The partner Hamiltonian operators are given by [1] :
SUSY partners
where we have chosen = 1 without loss of generality. In order to solve the Schrödinger equation
approximately, Marques et al. [1] chose the nonorthogonal basis set 
for the former and latter case, respectively. Tables 1 and 2 show Rayleigh-Ritz results for the first eigenvalues of H − and H + , respectively, in terms of the size N of the basis sets. We appreciate that the variational results decrease with the number of basis functions as expected. However, we are not aware of any proof that either of the basis sets (3) or (4) is complete. We see that present results are smaller, and therefore more accurate, than those of Marques et al. [1] . In addition, the results in their tables 1 and 2 exhibit unchanged entries when the size of the basis set increases from to + 1 which reflects the fact that the added basis function improves the even (odd) state but has no effect on the odd (even) one. As a result their matrices are twice the size of what is necessary for a calculation of the same accuracy. The results of Tables 1 and 2 , as well as those of Marques et al. [1] , suggest that E − = E + −1 , = 1 2 , as expected for a SUSY pair of partner Hamiltonian operators. However, those variational results are not sufficiently accurate and, as argued above, we are not aware of any proof of convergence. In order to obtain more accurate results we resort to the RPM [2] [3] [4] . To this end we consider the modified logarithmic derivative of the wavefunction ψ
where = 0 or = 1 for even or odd states, respectively. It satisfies the Riccati equation
and can be expanded in a Taylor series about the origin
where the coefficients can be easily obtained from the Riccati equation (6) . We have 0 = −ψ (0)/ψ(0) = 0 for the even states and choose 0 = 0 for the odd ones in order to remove the unbalanced term 2
0 / that appears when we substitute the expansion (7) into the Riccati equation (6) . Note that this application of the RPM to even potentials is different from the one in earlier papers [2] [3] [4] because in the present case we restrict the calculation to the half line. The reason for such a modification is that the present even potentials cannot be expanded in an 2 power series. With the coefficients of the expansion (7) we construct the Hankel determinants H D = + + −1 D =1 that are polynomial functions of the energy and obtain the approximate eigenvalues from the roots of H D (E) = 0 [2] [3] [4] . More precisely, we expect that sequences of roots E [D ] converge towards the eigenvalues E , = 0 1 , of the corresponding Hamiltonian operator as D increases. Since the SUSY partner potentials on the half line V ± ( ) = 4 ± 2 satisfy V + (− ) = V − ( ) then the RPM yields the eigenvalues of both partner Hamiltonians simultaneously [5] . More precisely, the sequences of roots for the even and odd wavefunctions will converge towards Table 3 Table 4 we show the results coming from the more efficient RayleighRitz variational method proposed in this paper and we also add the accurate eigenvalues produced by the RPM for comparison.
Conclusions
It is well known that the Rayleigh-Ritz variational method is more efficient if one treats every symmetry species separately. In the present case we have carried out the separation into even and odd functions on the half line by means of appropriate boundary conditions at origin. Thus, the size of present secular equations, and consequently the computational effort for a given accuracy, is one half that of Marques et al. [1] . Working on the half line and taking into account the boundary conditions at origin also enables one to obtain highly accurate eigenvalues by means of the RPM. In the present case one has to be cautious because the same Hankel determinant exhibits roots close to the eigenvalues of both partner Hamiltonian operators. However, it is not difficult to identify the sequence of roots that converges to a chosen eigenvalue. The present RPM results confirm that the two Hamiltonian operators proposed by Marques et al. [1] are already SUSY partners. The RPM was applied to sequences of SUSY partner potentials in the past [6] . However, the main interest in that paper was to obtain excited-state eigenvalues with Hankel determinants of relatively small dimension. Besides, those potentials can be expanded in 2 -power series and can therefore be treated in the usual way.
